ABSTRACT A bond graph model of a Linear Time-Varying (LTV) system is presented. This bond graph can have LTV constitutive relations of the …elds, and transformer and gyrator LTV modules. Hence, a junction structure and the state variables equation of the bond graph can be obtained. Also, a Lemma to determine the stability conditions of a LTV system based on the corresponding bond graph model is proposed. In order to show the e¤ectiveness of the proposed methodology, two examples are solved.
Introduction
Methods for exact analysis of linear time-varying (LTV) systems are relatively few and tend to be either extremely di¢ cult to apply or limited in application to a small class of systems. The fundamental di¢ -culty underlying the analysis of linear time-varying systems becomes apparent when one reviews some of the common methods for exact analysis. For linear time-varying systems characterized by state-variable equations, a method involving an in…nite number of iterative integrations can be used to generate the matrix and/or the fundamental matrix as it has been termed recently. The fundamental matrix is implicitly related to the basis functions. However, the various methods for obtaining exact solutions as not complementary to each other and di¢ culty in obtaining exact solutions with one method is usually su¢ cient indication that di¢ culty will be encountered with another [1] . There are some interesting papers related to LTV systems stability: in [2] a necessary and su¢ cient stability criterion has been established for LTV systems based on a recently developed parallel D-spectrum concept. New proofs to classical results on uniform global exponential stability of multivariable linear time-varying systems are presented in [3] ; the results are stated in terms of a reformulation of the well known concepts of persistency of excitation.
In [4] studies the exponential stability of LTV systems using the recent proposed integral function, by showing the properties of the integral function and applying the Bellman-Gronwall Lemma, a su¢ cient and necessary condition for the exponential stability of LTV systems is derived.
In [5] a new su¢ cient condition for the robust stability of linear systems with time-varying polytopic uncertainty is given in terms of linear matrix inequalities; the robust stability condition is assured by means of a parameter dependent Lyapunov function, taking into account bounds on the time derivatives of the uncertain parameters. Some theorems derived by the authors on the stability of multidimensional LTV systems are reported in [6] .
The references [2, 3, 4, 5, 6] give the stability analysis based on the properties of the state equations and this paper proposes to obtain the stability conditions in a bond graph approach.
Some interesting papers analyzing LTV systems are described: a state feedback control of slowly-varying linear continuous-time and discrete-time systems with bounded coe¢ cient matrices is studied in terms of the frozen-time approach in [7] .
The controllability and the observability of continuous linear time-varying systems with the normbounded parameter perturbations are analyzed in [8] . In [9] examines the design of feedback control system for linear time-varying systems. An algebraic rank condition is given for controllability and observability of time varying linear systems in [10] . In [11] has been shown that the notions of time-constant and exponential envelope as classically used to characterize the quality of stability for time-invariant linear di¤er-ential equations can be extended to the general case of time-varying di¤erential equations. In [12] considers the existence of parameterized Lyapunov functions for the stability and passivity analysis of linear time invariant uncertain systems and demonstrates their application to the stability analysis of a class of linear time varying systems.
The main features of bond graph modeling techniques are of importance for the design and realization of automatic control systems using modern as distinct from classical methods [13, 14] .
In the …rst place, bond graphs classify all variables as power variables, momenta or displacements. When a set of …rst order, dynamic state equations are derive from a bond graph in the usual manner, the state variables are invariably energy variables and thus their physical interpretation is straightforward. In [15] presents some techniques for the immediate application on bond graphs of Lyapunov's direct method, in order to analyze stability and to synthesize feedbackstabilizing controllers. In [16] a set of energy-based methods for the computation of equilibria, the analysis of their stability, and the synthesis of stabilizing control laws are presented. In [17] proposes methods enable to solve control problems directly in bond graph domain considering the property of ‡atness of nonlinear bond graphs, these methods can be used on time varying bond graphs and allows tackling the constraint of non commutativity of such models.
In this paper, the modelling in bond graphs of Linear Time Varying (LTV) systems is presented. The characteristic of this bond graph is to consider LTV constitutive relations of the storage and dissipation …elds and transformer and gyrator LTV modules . In order to determine the stability of LTV systems modelled by bond graphs, this paper proposes a Lemma to obtain the stability conditions based on the junction structure matrix of the corresponding bond graph.
Thus, the proposed methodology of this paper, it is not necessary to identify the Lyapunov functions and its derivatives, this is a good advantage respect to [15] . Moreover, this paper does not require to determine the state matrix of the LTV system and the traditional approaches [18, 19, 20, 21] is the beginning to solve the stability problem. In order to apply the proposed methodology, it is necessary to know the bond graph model of the LTV system, if the system does not admit a bond graph representation, this methodology cannot be applied.
Section 2 summarizes a de…nition, proposition and Theorem of the Lyapunov stability. Section 3 proposes the modelling in bond graph for LTV systems. The stability conditions for a LTV system modelled by bond graphs is presented in Section 4. The proposed methodology is applied to two examples in Section 5. Finally, Section 6 gives the conclusions.
Lyapunov Stability Theorem
While the determination of qualitative properties of the solution of LTI systems is relatively simple, the determination of corresponding properties for linear time-varying systems is very di¢ cult and complicated since it requires the evaluation of the transition system matrix. Several su¢ cient conditions for the exponential stability of LTV systems given in [18, 19, 20, 21] where the solution of the Lyapunov equation is assumed to be uniformly positive de…nite. Therefore, …nding simple and e¤ective conditions for the qualities properties of LTV systems has been a topic of long-standing interest.
Let A 2 BC ([0; 1) ; < n n ). We consider the following unforced LTV system
where BC ([0; 1) ; < n n ) denotes the set of all n n matrix functions continuous and bounded on [0; 1).
De…nition. The LTV system (1) is exponentially stable if there exists numbers N > 0, > 0 such that every solution x (t) of the system with x (s) = x 0 satis…es [18, 19, 20, 21] 
It is known that if A is a constant matrix such that the real parts of the eigenvalues are negative or equivalently, if there is a symmetric positive de…nite solution P of the Lyapunov inequation [18, 19, 20, 21 ]
then the system is exponentially stable. In the sequel, we derive a necessary and su¢ cient condition for the exponential stability of LTV systems in terms of the Lyapunov inequation. For any A 2 BC ([0; 1) ; < n n ) we set
then, the set M A is nonempty by using the following Proposition.
Proposition.
For any matrix A 2 BC ([0; 1) ; < n n ) there exists Q 2 M A consider the following time-varying Lyapunov inequation [18, 19, 20, 21] 
Theorem. For any A 2 BC ([0; 1) ; < n n ), the following two conditions are equivalent, [18, 19, 20, 21] i) The system (1) is exponentially stable. ii) Lyapunov inequation (5) has a solution P 2 BC ([0; 1) ; < n n ) for some Q 2 M A . The modeling in bond graph for LTV systems is proposed in the next section.
Bond Graph Models of Linear Time Varying Systems
Consider the scheme of a Bond Graph model in an integral causality assignment representing a linear time varying system shown in Fig. 1 . In Fig. 1 , (M S e ; M S f ), (C; I) and (R) denote the source, the energy storage and the energy dissipation …elds, (D) the detector and (0; 1; M T F; M GY ) the junction structure with transformers, M T F , and gyrators, M GY .
The state x (t) 2 < n is composed of energy variables p (t) and q (t) associated with I and C elements in integral causality, u (t) 2 < p denotes the plant input, z (t) 2 < n is the co-energy vector and D in (t) 2 < r and D out (t) 2 < r are a mixture of e (t) and f (t) showing the energy exchanges between the dissipation …eld and the junction structure.
The relations of the storage and dissipation …elds are given by
The relations of the junction structure are: 2
where
The entries of S (t) take values inside the set f0; 1; f t (t) ; f g (t)g where f t (t) and f g (t) are transformer and gyrator modules; these modules can be time functions. Also, the properties S 11 (t) ; and S 22 (t) are square skew-symmetric matrices, and S 12 (t) and S 21 (t) are matrices each other negative transpose, respectively.
The state equation of the proposed bond graph for a LTV system is de…ned by
It is common to represent the state equation by using the co-energy variables, then a similarly transformation has to be applied. This new system is described by
In the next section, the stability of a LTV system by applying bond graph is presented.
Stability in a Bond Graph Approach
Internal stability deals with boundedness properties and asymptotic behaviour (as t ! 1) of solutions of the zero-input linear state equation
The origin of Lyapunov´s so-called direct method for stability assessment is the notion that total energy of an unforced, dissipative mechanical system decreases as the state of the system involves in time [18, 19, 20] . Therefore, the state vector approaches a constant value corresponding to zero energy as time increases. Phrased more generally, stability properties involve the growth properties of solutions of the state equation, and these properties can be measured by a suitable (energy-like) scalar function of the state vector. The problem is to …nd a suitable scalar function.
The main result of this paper is given in the following Lemma to determine the stability conditions for LTV systems modelled by bond graphs.
Lemma. Consider a LTV system modelled by a bond graph in an integral causality assignment whose junction structure is de…ned by (8) the constitutive relations of the storage and dissipation elements are LTV, symmetric and positive de…nite, this system is internally stable, if the submatrices S 11 (t) and S 22 (t) are positive semide…nite.
Proof. By considering (19) , for any solution x (t) of (19) , the derivative of the scalar function
with respect to t can be written as (21) suppose that the quadratic form on the right side of (21) is negative de…nite, that is, suppose the matrix A T (t) + A (t) is negative de…nite at each t then the system is internally stable.
We know that the state matrix for a LTV system modelled by a bond graph is given by
and the matrix M (t) de…ned by (16) can be rewritten as
by substituting (23) into (22) we have
now, it is necessary to represent A T (t) in terms of the submatrices or the junction structure of the bond graph
determining the properties of
by substituting (24) and (25) into (26) ; we have
the matrices F (t) and L (t) are symmetric and the submatrices S 11 (t) and S 22 (t) are antisymmetric then
and (27) can be written by (28) we prove that if the submatrices S 11 (t) and S 22 (t) are positive semide…nite, the system will be internally stable.
The advantage of this Lemma respect to [15] is that it is not necessary to identify the Lyapunov functions of the bond graph. Other stability analysis methods [5, 18, 19, 20, 21] requires to know the state matrix of the LTV system and a good advantage of the proposed Lemma is to determine the stability conditions based on the S 11 (t) and S 22 (t) properties of the respective bond graph model.
The next section describes two examples to determine the stability of LTV systems modelled by bond graphs.
Examples

1.
A simple and interesting case of studio is described in [1] where the space state realization of a system is "
then a possible representation of (29) is shown in Fig.  2 . This example does not have dissipation elements and we propose storage elements with LTV constitutive relations. Also, the bond graph contains a gyrator with LTV module.
The key vectors of the bond graph are
the constitutive relation is
and the junction structure is given by
From (12), (30) and (31) the state matrix is
Now, if we apply the proposed Lemma
then S 11 (t) is positive semide…nite and the system is stable.
2. Consider the bond graph of Fig. 3 : The storage and dissipation elements of this bond graph model are constants. However, the transformer module is a linear time varying function, f (t) ; and we have a LTV system.
The key vectors are
the constitutive relations of the …elds are
and the junction structure is given by S (t) = 2 6 6 6 6 6 6 4
By applying the Lemma, the submatrices are
then the system is stable. In order to verify that the system is stable, simulation results by using the 20-Sim software are presented. The numerical parameters of the system are: R 1 = 2 ; R 2 = 4 ; R 3 = 6 ; L 1 = 0:1H; L 2 = 0:2H, C 1 = 0:01F; V 1 (t) = 10V and for the transformer module f (t), we consider three cases.
The …rst case f (t) is a signal generator cycloid that it begins at t 0 = 0:5s until t f = 1s with a magnitude of 100, the dynamic behaviour of the system is shown Fig. 4 . The second case of studio f (t) is a wave generator sine with a frequency of 50 rad=s and its magnitude is 100, Fig. 5 shows the response of the state variables of the system. Fig . 6 shows the response of the states which is the …nal case when the signal f (t) is a wave generator saw. Figs. 4; 5 and 6 show that the LTV system is stable and the dynamic behaviour of the states are similar.
Note that the proposed Lemma permits to determine the stability conditions in a direct way when the LTV system is modelled by bond graphs. However, a disadvantage is that, if the system does not admit a bond graph representation, this methodology cannot be applied.
Conclusion
In this paper a bond graph of a Linear Time Varying system is proposed. The bond graphs of this class of systems can have LTV constitutive relations of the storage and dissipation elements and LTV modules of the transformer and gyrator elements. A junction structure of the bond graph representing a LTV system is proposed. The stability conditions of a LTV system by using the submatrices of the junction structure of the corresponding bond graph are presented. Finally, the proposed methodology is applied to determine the stability conditions for two examples.
